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Schema Mappings

el N
/ Source S / / Target T /

Schema MappingM = (S, T, 2)
o Source schema S, Target schema T

o High-level, declarative constraints 2 that specify the
relationship between S and T.

GLAV Schema MappingM = (S, T, 2)
o 2 is a finite set of GLAV constraints (s-t tgds)
GAV and LAV Schema Mappings defined in a similar way.




Semantics of Schema Mappings
3

.

/ Source S / / Target T /

M= (S, T, 2) a GLAV schema mapping.

® Such a schema mapping M is a syntactic object.

" From a semantic point of view, M can be identified with
the set of all positive data examples for M, i.e.,
all data examples that satisfy (the constraints of) M.




Data Examples
3

.

/ Source S / / Target T /

M= (S, T, 2) a GLAV schema mapping

= Data Example: A pair (I,]J) where I is a source instance
and J is a target instance.

® Positive Data Example for M:
= A data example (I,]) that satisfies 2, i.e., (I,]) F Z

= In this case, we say that J is a solution for I w.r.t. M.




Data Examples

Consider the schema mapping M = ({E}, {F}, 2), where

2 ={ E(xy) — 3z (F(x,2) A F(z)y)) }
Positive Data Examples (I,]J) (J a solution for I w.r.t. M)

0 I'={E®12)} J={F{1,3), FG,2) }
0 I'={E®12)} J ={F(1,X), F(X,2) }
o I'={E1,2)} J ={F(1,3), F3,2), F(3,4) }

o I={E(1,2),EG4) } J={F{1,3), F(3,2), F3,Y), F(Y,4) }
X and Y are labelled nulls

Negative Data Examples (I,J) (J not a solution for I w.r.t. M)

o I'={E1,2)} J={F1,3)}
0 I={E1,2)} J ={F(®1,3), F4,2) }



Schema Mappings and Data Examples

"= M=(S, T, 2) GLAV schema mapping
= Sem(M) = { (I,J): (I,])is a positive data example for M }

Fact: Sem(M) is an infinite set
Reason:
If (I,]) is a positive data example for M and if J C J,

then (1,]) is a positive data example for M.

Question:
Can M be “characterized” using finitely many data examples?



Goals

Formalize what it means for a schema mapping to be
“characterized” using finitely many data examples.

Obtain technical results that shed light on both the
capabilities and limitations of data examples in
characterizing schema mappings.



Types of Data Examples

M=(S, T, 2) a GLAV schema mapping

So far, we have encountered two types of examples:
Positive Data Example:

A data example (I,]) such that (I,]) satisfies 2, i.e., a

J is a solution for I w.r.t. M.

Negative Data Example:

A data example (I,]) such that (I,J) does not satisfy 2, i.e.,
J is not a solution for I w.r.t. M.

A third type of example will play an important role here:
Universal Data Example:

A data example (I,]) such that J is a universal solution for I
w.r.t. M.



Universal Solutions

Definition: M = (S, T, 2) schema mapping, I source instance.
A target instance J is a universal solution for I w.r.t. M if
J is a solution for I w.r.t. M.

If J' is a solution for I w.r.t. M, then there is a homomorphism
h: J — J that is constant on adom(I), which means that:
o If P(ay, ..,a) € J, then P(h(a,),...h(a)) € ¥
(h preserves facts)
a h(c)=c, for c € adom(I).

Note: Intuitively, a universal solution for I is a most general
(= least specific) solution for I.
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Universal Solutions and Examples

Consider the schema mapping M = ({E}, {F}, 2), where
2 ={ E(xy) — 3z (F(x,2) A F(z,y)) }

Source instance I = { E(1,2) }

Solutions for I : Data Examples:
o J; = {F{1,2), F(2,2) } (I,J;) positive, not universal
o J, = {F(1,X), F(X,2) } (I,J,) universal (and positive)
o J; = {F(1,X), F(X,2), F(1,Y), F(Y,2) } (I,J5) universal (and positive)
o J, = {F(1,X), F(X,2), F(3,3) } (1,J,) positive, not universal

(where X and Y are labeled null values)
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Universal Solutions and Schema Mappings

Note: A key property of GLAV schema mappings is the
existence of universal solutions.

Theorem (FKMP 2003) M = (S, T, 2) a GLAV schema mapping.
Every source instance I has a universal solution J w.r.t. M,

Moreover, the chase procedure can be used to construct,
given a source instance I, a canonical universal solution
chasey(I) for I in polynomial time.

Note: Universal solutions have become the preferred semantics
in data exchange (the preferred solutions to materialize).
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The Chase Procedure

Chase Procedure for GLAVM = (S, T, 2): Given a source
instance I, build a target instance chasey(I) that satisfies
every s-t tgd in 2 as follows.

Whenever the LHS of some s-t tgd in 2 evaluates to true:

Introduce new facts in chasey(I) as dictated by the RHS of
the s-t tgd.

In these facts, each time existential quantifiers need

witnesses, introduce new variables (labeled nulls) as values.
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The Chase Procedure

Example: Transforming edges to paths of length 2
M= (S, T, 2) schema mapping with
2 . W WY(E(x,y) — 3 z(F(x,2)A F(z,y)))

The chase returns a relation obtained from E by adding a new
node between every edge of E.

If I = { E(1,2) }, then chasey(I) = { F(1,X), F(X,2) }
If I = { E(1,2), E(2,3), E(1,4) }, then

chasey(I) = { F(1,X), F(X,2), F(2,Y), F(Y,3), F(1,2), F(Z,4) }
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The Chase Procedure

Example : Collapsing paths of length 2 to edges
M=(S, T, 2) GAVschema mapping with
2. W Wy Vvz(E(x,2) A E(z,y) — F(x,y))

If I = { E(1,3), E(2,4), E(3,4) }, then
chasey(I) = { F(1,4) }.

IfI= {E(1,3), E(2,4), E(3,4), E(4,3) }, then
chasey(I) = {F(1,4), F(2,3), F(3,3), F(4,4) }.

Note: No new variables are introduced in the GAV case.
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Characterizing Schema Mappings

"= M=(S, T, 2) GLAV schema mapping
= Sem(M) = { (I,J): (I,])is a positive data example for M }

Question:
Can M be “characterized” using finitely many data examples?

More formally, this asks:

Is there is a finite set D of data examples such that M is the only
(up to logical equivalence) schema mapping for which every
example in D is of the same type as it is for M?
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Warm-up: The Copy Schema Mapping

Let M be the binary copy schema mapping specified by the constraint
vx vy (E(x,y) — F(X,y)).

Question: Which is the "most representative” data example for
M, hence a good candidate for “characterizing” it?

Intuitive Answer: (I,J,) withI, = {E(a,b) }, J; ={F(a,b) }

Facts: It will turn out that:
(I,,J,) “characterizes” M among all LAV schema mappings.

(I,,J,) does not “characterize” M among all GLAV schema mappings;
in fact, not even among all GAV schema mappings.

Reason: (I;,],) is also a universal example for the GAV schema
mapping specified by vx vy vu vv (E(x,y) A E(u,v) — F(x,v)).
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Notions of Unique Characterizability

Definition: M = (S, T, %) a GLAV schema mapping, € a class of
GLAV constraints.

Let P and N be two finite sets of positive and negative examples for
M. We say that P and N uniquely characterize M w.r.t. C if

for every finite set ' C € such that P and N are sets of positive
and negative examples for M’ = (S, T, '), we have that >~ = %/,

Let U be a finite set of universal examples for M.

We say that U uniquely characterizes M w.r.t. C if

for every finite set 2" C € such that U is a set of universal
examples for M = (S, T, 2), we have that 2 = 2".
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Relationships between Unique Characterizability Notions

Proposition: M = (S, T, 2) a GLAV schema mapping, C a
class of GLAV constraints.
If M is uniquely characterizable w.r.t. € by two finite sets of
positive and negative examples, then M is also uniquely
characterizable w.r.t. € by a finite set of universal examples.
Proof Idea: Uniquely characterizing

positive examples:  (I*1, J*1), (I*2, J*2), ... and

negative examples: (I3, J1), (I2, J2), ...

give rise to uniquely characterizing

universal examples: (I*1, chasey(I*1)), (I*2, chasey (I*2)), ...
(I'1, chasey (I'1), (I*2, chasey (I72)), ...
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Relationships between Unique Characterizability Notions

So, unique characterizability via positive and negative
examples implies unique characterizability via universal
examples.

The converse, however, is not always true.

For this reason, we will focus on unique characterizability via
universal examples.
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Unigue Characterizations via Universal Examples

Reminder -
Definition: LetM = (S, T, 2) be a GLAV schema mapping.

A universal example for M is a data example (I,]) such that J is a
universal solution for I w.r.t. M.

Let U be a finite set of universal examples for M, and let C be a
class of GLAV constraints.

We say that U uniquely characterizes M w.r.t. C if

for every finite set 2" C € such that U is a set of universal
examples for the schema mapping M’ = (S, T, %),

we have that 2 = 2.
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Unigue Characterizations via Universal Examples

Question:

Which GLAV schema mappings can be uniquely
characterized by a finite set of universal examples and
w.r.t. to what classes of constraints?
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Unique Characterizations Warm-Up

Theorem: Let M be the binary copy schema mapping specified
by the constraint vx vy (E(x,y) — F(x,y)).

ThesetU={ (I, ], }with I, ={E(a,b }, J, = {F(a,b) }
uniquely characterizes M w.r.t. the class of all LAV
constraints.

There is a finite set U’ consisting of three universal examples
that uniquely characterizes M w.r.t. the class of all GAV
constraints.

There is no finite set of universal examples that uniquely
characterizes M w.r.t. the class of all GLAV constraints.
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Unique Characterizations Warm-Up

The set U" = { (I;,J,), (1,,35), (I5,35) } uniquely characterizes the
copy schema mapping w.r.t. to the class of all GAV constraints.

[ o o o -0 I
d b a b

I J

I

3 (% (% J;
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Uniqgue Characterizations of LAV Mappings

Theorem: If M = (S, T, 2) is a LAV schema mapping,
then there is a finite set U of universal examples that

uniquely characterizes M w.r.t. the class of all LAV
constraints.

Hint of Proof:
Let dy, d,, ..., d, be k distinct elements, where
k = maximum arity of the relations in S.
U consists of all universal examples (I, J) with

I = {R(cy,...,C,) } and J = chasey({ R(cy,...,C) }),
where each ¢ is one of the d;’s.
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Illustration of Unique Characterizability

Let M be the binary projection schema mapping specified by
vx vy (P(x,y) — Q(x))

The following set U of universal examples uniquely
characterizes M w.r.t. the class of all LAV constraints:

U= {(,Jy), Iy J,) }, where
o I ={P(c,c) } Ji={Q(c) }
o I, ={P(c,cy) }, I, ={Q(c) }.
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Illustration of Unique Characterizability

Let M be the schema mapping specified by
vx vy (P(x,y) — Q(x)) and Vvx (P(x,x) — 3y R(x,y))

The following set U of universal examples uniquely
characterizes M w.r.t. the class of all LAV constraints:

U= {(,Jy), Iy J,) }, where
o I ={P(c,c) } Ji={Q(c) }
= Iz = { P(C]_IC]_) }I J2 = { Q(C]_)I R(C]_IY) }
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Number of Uniquely Characterizing Examples

Note:

The number of universal examples needed to uniquely
characterize a LAV schema mapping is bounded by an

exponential in the maximum arity of the relations in the
source schema.

This bound turns out to be tight.

Theorem: For n > 3, let M, be the n-ary copy schema mapping
specified by the constraint

VX1 oo IXG(P(Xqyee X)) = Q(XqyeerX0))-
If U is a set of universal examples that uniquely characterizes
M_ w.r.t. the class of LAV constraints, then |U| > 2" - 2.
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Unique Characterizations of GAV Mappings

Note: Recall that for the schema mapping specified by the
binary copy constraint vx Vy (E(x,y)— F(Xx,y)), there is a finite
set of universal examples that uniquely characterizes it w.r.t. the
class of all GAV constraints.

In contrast,

Theorem: Let M be the GAV schema mapping specified by
vx vy Yu vv vYw (E(x,y)A E(u,v) A E(v,w)A E(w,u) — F(X,y)).
There is no finite set of universal examples that uniquely
characterizes M w.r.t. the class of all GAV constraints.
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Unique Characterizations of GAV Mappings

Theorem: Let M be the GAV schema mapping specified by
VX Yy Yu v vw (E(x,y)A E(u,v) A E(v,w)A E(w,u) — F(X,y)).
There is no finite set of universal examples that uniquely
characterizes M w.r.t. the class of all GAV constraints.

Note:
Extends to every GAV schema mapping specified by
vx vy (E(x,y) A Qg — F(x,y)), where Qg is the
canonical conjunctive query of a graph G containing a cycle.

This will be a consequence of more general results to be
discussed in what follows.
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(Non)-Characterizable GAV Schema Mappings

In summary, we have that

vx vy (E(X,y)— F(X,y))
is uniquely characterizable by finitely many (in fact, three)
universal examples w.r.t. the class of all GAV constraints.

vx vy vu v Yw (E(x,y)A E(u,v) A E(v,w)A E(w,u) — F(X,y))
is not uniquely characterizable by finitely many universal
examples w.r.t. the class of all GAV constraints.

Question: How can this difference be explained?
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Characterizing GAV Schema Mappings

Question:

o What is the reason that some GAV schema mappings are
uniquely characterizable w.r.t. the class of all GAV
constraints while some others are not?

a Is there an algorithm for deciding whether or not a given
GAV schema mapping is uniquely characterizable w.r.t. the
class of all GAV constraints?

Answer:

a The answers to these questions are closely connected to
database constraints and homomorphism dualities.
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Homomorphisms

Notation: A, B relational structures (e.g., graphs)
A — B means there is a homomorphism h from A to B,

i.e., a function h from the universe of A to the universe of B
such that if P(ay,...,a,) is a fact of A, then

P(h(a,), ..., h(a,,)) is a fact of B.
o Example: G — K, if and only if G is 2-colorable

—A ={B:B— A}
o Example: —K, = Class of 2-colorable graphs

A— ={B: A — B}
o Example: K,— = Class of graphs with at least one edge.
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Homomorphism Dualities

Definition: Let D and F be two relational structures
o (F,D) is a duality pair if for every structure A

A — D if and only if (F+» A).

In symbols, —D = F»
o In this case, we say that F is an obstruction for D.

Examples:
o For graphs, (K,, K,) is a duality pair, since

G — K, ifand only if K, » G.

o Gallai- -Roy-Vitaver Theorem (~1965) for directed graphs

Let T, be the linear order with k elements, P, be the path with
k+1 elements. Then (P,,,, T,) is a duality pair, since for every H

H—- T, ifandonly if P, - H.
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Homomorphism Dualities

Theorem (Konig 1936): A graph is 2-colorable if and only if it
contains no cycle of odd length.

In symbols, —K, = iz (C2i+1+).

Definition: Let F and D be two sets of structures. We say that
(F, D) is a duality pair if for every structure A, TFAE

o There is a structure D in D such that A — D.

a For every structure F in F, we have F » A.

Insymbols, Up . p (—D) =g g ( F»).

In this case, we say that F is an obstruction set for D.
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Homomorphism Dualities

Duality Pair (F,D),where

F={F,F,..} DD

D={D.,D,,.}

FIFz

The Yang

“Fears”: U, (F,—)

The Yin

“Dreams”: U, ( —D;)
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Unique Characterizations and
Homomorphism Dualities

Theorem: Let M = (S, T, 2) be a GAV mapping.
Then the following statements are equivalent:

M is uniquely characterizable via universal examples
w.r.t. the class of all GAV constraints.

For every target relation symbol R, the set F(M,R) of
the canonical structures of the GAV constraints in 2
with R as their head is the obstruction set of some finite

set D of structures.
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Canonical Structures of GAV Constraints

Definition:
The canonical structure of a GAV constraint
VX ((PI(X) Ao A (pK(X) — R(Xill"'lxim))
is the structure consisting of the atomic facts ¢,(x), ..., ¢(X)

and having constant symbols c,,...,C,, interpreted by the
variables x; ,...,x;_in the atom R(X; ,...,X; ).

Let M = (S, T, 2) be a GAV schema mapping.

For every relation symbol R in T, let F(M,R) be the set of all

canonical structures of GAV constraints in 2 with the target
relation symbol R in their head.
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Canonical Structures

Examples:

GAV constraint o
vx vy vz (E(x,y) A E(y,2) — F(Xx,z2))
o Canonical structure: A, = ({x,y,z}, {(E(X,y),E(Y,2)},X,2)

o Constants ¢; and ¢, interpreted by the distinguished elements x
and z.

GAV constraint 6
vx vy Vz(E(x,y) A E(y,z) — F(X,X))
o Canonical structure: A_= ({Xx,y,z}, {E(X,y),E(Yy,z)},X,X)

o Constants ¢; and ¢, both interpreted by the distinguished
element x.
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Unique Characterizations and
Homomorphism Dualities

Theorem: Let M = (S, T, 2) be a GAV mapping.
Then the following statements are equivalent:

M is uniquely characterizable via universal examples w.r.t. the
class of all GAV constraints.

For every target relation symbol R, the set F(M,R) of the
canonical structures of the GAV constraints in 2 with R as
their head is the obstruction set of some finite set D of
structures.
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I[llustration

Let M be the GAV schema mapping specified by
VX (R(X,X) — P(x)).
o Canonical structure F = ({x}, {R(x,x)}, X)
a Consider D = ({a,b}, {R(a,b), R(b,a), R(b,b)}, a})

Fact: (F,D) is a duality pair, because it is easy to see that for
every structure G=(V,R,d), we have that

G — Difand only if F » G.

Consequently, M is uniquely characterizable via universal
examples w.r.t. the class of all GAV constraints.
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Unique Characterizations and
Homomorphism Dualities
Question:

a Is there an algorithm to decide when a GAV mapping is
uniquely characterizable via a finite set of universal
examples w.r.t. to the class of all GAV constraints?

o If so, what is the complexity of this decision problem?
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c-Acyclicity

Definition: Let A = (A, R,,...,R,C,,...C,) be a relational structure with
constants cq,...,C,.

The incidence graph inc(A) of A is the bipartite graph with
o hodes the elements of A and the facts of A

o edges between elements and facts in which they occur

The structure A is c-acyclic if

o Every cycle of Inc(A) contains at least one constant ¢, and
o Only constants may occur more than once in the same fact.

Example:
A= ({11213}1 {R((11213)I Q(llz)}l 1) IS C'aCYCIiC
= thecyclel,R(1,2,3), 2, Q(1,2), 1 contains the constant 1,
and it is the only cycle of inc(A).

A = ({1,2,3}, {R((1,2,3), Q(1,2)}, 3) is not c-acyclic
= thecyclel,R(1,2,3), 2, Q(1,2), 1 contains no constant.
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When do Homomorphism Dualities Exist?

Theorem:

Let F be a finite set of relational structures with constants
consisting of homomorphically incomparable core structures.

The following statements are equivalent:

o F is an obstruction set of some finite set D of structures.
o Each structure F in F is c-acyclic.

Moreover, there is an algorithm that, given such a set F
consisting of c-acyclic structures, computes a finite set D of

structures such that (£, D) is a duality pair.

Note: Extends results of Foniok, NeSetril, and Tardif — 2008.
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Normal Forms

Definition: A GAV schema mapping is in normal form if for
every target relation symbol R, the set F(M,R) of the canonical
structures of the GAV constraints in Z with R as their head
consists of homomorphically incomparable cores.

Fact:

Every GAV schema mapping is logically equivalent to a GAV
schema mapping in normal form.

There is an algorithm based on conjunctive-query
containment that transforms a given GAV schema mapping to
a GAV schema mapping in normal form.
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Unique Characterizations and
Homomorphism Dualities

Theorem: Let M = (S, T, 2) be a GAV schema mapping in
normal form. Then the following statements are equivalent:

M is uniquely characterizable via universal examples
w.r.t. the class of all GAV constraints.

For every target relation symbol R, the set F(M,R) is the
obstruction set of some finite set of structures.

For every target relation symbol R, the set F(M,R) consists
entirely of c-acyclic structures.
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Complexity of Unique Characterizations of
GAV Mappings

Theorem:
This following problem is in LOGSPACE:

Given a GAV mapping M in normal form, is it uniquely
characterizable via universal examples w.r.t. the class of all GAV
constraints?

The following problem is NP-complete:

Given a GAV mapping M, is it uniquely characterizable via universal
examples w.r.t. the class of all GAV constraints?

Note:

Recall that every GAV mapping can be transformed to a logically
equivalent one in normal form.
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Applications

The GAV schema mapping M specified by

v x Vy (E(xy) — F(X,y))
is uniquely characterizable (the canonical structure is c-acyclic).

More generally, if M is a GAV schema mapping specified by a tgd in which all
variables in the LHS are exported to the RHS, then M is uniquely characterizable
(reason: cycles in incidence graph contain constants).

The GAV schema mapping M specified by

vx vy Yu v Yw (E(x,y)A E(u,v) A E(v,w)A E(w,u) — F(X,y)).

is not uniquely characterizable:

the canonical structure contains a cycle with no constant on it, namely,
u, E(u,v), v, E(v,w), w, E(w,u), u

The GAV schema mapping M specified by

VxVyVu(E(xy) A E(uu) — F(xy))
is not uniquely characterizable.
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More Applications

The GAV schema mapping specified by the constraint
VxVyVz(EXxy) A E(y,z) — F(x,2))
IS uniquely characterizable via universal examples.

Let M be the GAV schema mappings specified by the constraints
o. VxVyVz(EXy) A E(y,z) A E(z,x) — F(x,2))
T vx Yy (E(Xy) A E(y,x) = F(x,x))
The canonical structures of these constraints are
A, = ({xy.x}; {E(x,y), E(y,2), E(zX)}, X, 2)
A, = ({xyh {EXY), E(y.x)} X, X)

Both are c-acyclic; hence {As, At} is an obstruction set of a finite set
of structures.

Therefore, M is uniquely characterizable via universal examples.
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Synopsis

Introduced and studied the notion of unique characterization
of a schema mapping by a finite set of universal examples.

Every LAV schema mapping is uniquely characterizable via
universal examples w.r.t. the class of all LAV constraints.

Necessary and sufficient condition, and an algorithmic
criterion for a GAV schema mapping to be uniquely
characterizable via universal examples w.r.t. the class of all
GAV constraints.

o Tight connection with homomorphism dualities.
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Open Problems

When is a LAV schema mapping uniquely characterizable by a
“small” number of universal examples w.r.t. to the class of all
LAV constraints?

o Same question for GAV schema mappings.

When is a GLAV schema mapping uniquely characterizable by

finitely many universal examples w.r.t. to the class of all GLAV
constraints?

o We do not even know whether this problem is decidable.
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Roadmap

This tutorial is about schema mappings and data examples.

This part of the tutorial focused on the direction
o From schema mappings to data examples:

Given a schema mapping, how can we characterize it using
finitely many “good” data examples?

The next part of the tutorial will focus on the other direction:
o From data examples to schema mappings.
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Back-up Slides

54



Armstrong Bases and Armstrong Databases

Definition: (Fagin - 1982; implicit in Armstrong - 1974)
> and C two sets of constraints over the same schema. An

Armstrong database for 2 w.r.t. C is a database D such that
for every o0 € C, we havethat ZEF o ifandonly if D F o.

Note: Armstrong databases were extensively studied in the
context of the implication problem for database constraints.

Definition: Z and C two sets of constraints over the same
schema. An Armstrong basis for 2 w.r.t. C is a finite set D

of databases such that for every ¢ € C, we have that
> Eo ifandonly if D E o, for every D € D.
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Armstrong Databases vs. Armstrong Bases

Example: 2 ={PX)— P(x), Q(x) — Q'(x) }

There is no Armstrong database for 2 w.r.t. the class of all
LAV constraints.

There is an Armstrong basis for Z w.r.t. the class of all LAV
constraints, namely, D = { D,, D, } with

D, ={P(@), P(a) }» D, ={Q(a), Q@) }.

Note:
Armstrong bases do not seem to have been studied earlier.

Much of the earlier work on Armstrong bases focused on
unirelational databases and typed constraints; in this case,
an Armstrong basis exists if and only if an Armstrong
database exists.
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Universal Examples and Armstrong Bases

Theorem: Let M = (S, T, 2) be a GLAV schema mapping, and
let C be a set of GLAV constraints. The following are equivalent:

1. There is a finite set U of universal examples that uniquely
characterizes M w.r.t. C.

2. There is an Armstrong basis D for 2 w.r.t. C.

Note: The above result:
= Reinforces the “goodness” of universal examples.

= Reveals an a priori unexpected connection between a key
notion in data exchange and (a relaxation of) a key notion in
database dependency theory.
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