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Where are we?

• Two aspects of the use of data examples in schema mapping design:

I. Using data examples to illustrate (candidate) schema mappings

II. Deriving schema mappings from data examples

• Three approaches to deriving schema mappings from data examples:

1. Fitting approach (EIRENE): Construct a (most general) fitting schema 
mapping (if it exists)  [Alexe - ten Cate - Kolaitis - Tan SIGMOD’11]

2. Gottlob-Senellart approach: computing a schema mapping of 
“optimal cost”  [Gottlob - Senellart JACM’10]

3. Learning Schema Mappings: computational learning approach      
[ten Cate - Dalmau - Kolaitis ICDT’12]
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The Fitting Approach

• We want to derive a GLAV schema mapping on the basis of a 
collection of (universal) data examples (I1, J1), ..., (In,Jn). 

- Case 1: There is a unique fitting GLAV schema mapping 

- Case 2: There are multiple fitting GLAV schema mappings

- Case 3: There is no fitting GLAV schema mapping
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Multiple Fitting Schema Mappings
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R(a, b),
P(a)

Source Target

S(a, b),
Q(a)

•  Schema mapping M1:

• Schema mapping M2: 

• Schema mapping M3:

8xy(R(x, y) ^ P (x) ! S(x, y)

8xy(R(x, y) ^ P (x) ! Q(x)

8xy(R(x, y) ! S(x, y) ^Q(x)

8xy(R(x, y) ! S(x, y))

8x(P (x) ! Q(x))

Most general fitting 
GLAV schema mapping

smallest fitting GLAV 
schema mapping



No Fitting Schema Mapping
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R(a1, b1),
R(a2, b2),
R(a3, b3)
R(a4, b4)

Source Target

S(a1, c1),
S(a2, c2),
S(a3, c3)



The Fitting Approach (Summary)

• Input: a finite collection of data examples (typically small; hand-
crafted or system-generated; possibly containing labeled null values)

• Method: Test if a fitting GLAV schema mapping exists 
(homomorphism extension test, !2p-complete)

- Yes? Produce most general fitting GLAV schema mapping (PTIME)

- No? show user where the homomorphism extension test fails, so 
that they can correct the examples.

• (Similarly for GAV.)
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The “Gottlob-Senellart” Model

• Input: single data example (large; no labeled nulls; for example 
(DBLP,GoogleScholar))

• Method: find a schema mapping of “optimal cost”

- Cost model (intuitively): takes into account size of the schema 
mapping and how well it fits the data example.

- Cost model (more formally): the cost of a schema mapping is the 
size of the smallest “repair” that fits the given data example. 

• Two-layered approach:

- The basic language of GLAV schema mapping (as usual)

- A richer language of “repaired GLAV schema mappings”
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Example

• GLAV Schema Mapping: 

• Repaired GLAV Schema Mapping (which fits the data example): 

-  

-  
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R(a1, b1),
R(a2, b2),
R(a3, b3)
R(a4, b4)

Source Target

S(a1, c1),
S(a2, c2),
S(a3, c3)
S(d, e)

R(x, y) ! 9zS(x, z)

S(d, e)

R(x, y) ^ x 6= a4 ! 9zS(x, z) ^
^

i

(x = ai ! z = ci)



A Note on Terminology

• G&S speak of “a schema mapping M that is valid and fully 
explaining for (I,J)”. Since (I,J) is assumed to be a ground data 
example, we can equivalently say that “M fits (I,J)”.
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Gottlob-Senellart Cost Model

• Repair of a GLAV schema mapping M is obtained by

- extending left-hand sides of GLAV constraints with additional 
conjuncts of the form x=c and x≠c

- extending right-hand side of GLAV constraints with additional 
conjuncts of the form (x1=c1 ⋀ ... ⋀ xn=cn) → y=d

- adding ground facts to the schema mapping

• The size of a repaired GLAV schema mapping is the total number 
of occurrences of variables and constant symbols, where ground 
facts R(a1, ..., an) count as having size 3n. 

• The cost of a GLAV schema mapping M w.r.t. a data example (I,J) 
is the size of the smallest repair of M that fits (I,J).
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Example (Revisited)

• GLAV Schema Mapping M: 

• Repaired GLAV Schema Mapping M’ (which fits the data example): 

-  

-  
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R(a1, b1),
R(a2, b2),
R(a3, b3)
R(a4, b4)

Source Target

S(a1, c1),
S(a2, c2),
S(a3, c3)
S(d, e)

R(x, y) ! 9zS(x, z)

S(d, e)

R(x, y) ^ x 6= a4 ! 9zS(x, z) ^
^

i

(x = ai ! z = ci)

Cost(I,J)(M) = Size(M’) = 24



Optimization Problem

• the problem of deriving a schema mapping from a data example  
becomes an optimization problem: 

- find a GLAV schema mapping M such that cost(I,J)(M) is mimimal. 

 Such a schema mapping M is said to be “optimal” for (I,J).
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Justification of the Cost Model

• Recall that GLAV schema mappings allow us to “express” the basic 
relation algebraic operations such as selection, projection, and join 
(e.g., the projection "i  is naturally “expressed” by R(x) → S(xi)).

• Let # be the (binary) relational algebra operator of

 selection, projection, union, intersection, product, or join

 and let M# be the schema mapping that “expresses” #. Then, for all 
“sufficiently rich” instances I, we have that M# is optimal for (I, #(I)).
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Selected Complexity Results

• Computing the cost of a schema mapping:

- Testing if Cost(I,J)(M) < k is in $3p and !2p-hard. 

- For schema mappings without ∃-quantifiers, it is in $2p and DP-hard. 

• Finding schema mappings of a given cost:

- Testing if there is an M with Cost(I,J)(M) < k is in $3p and NP-hard. 

- For schema mappings without ∃-quantifiers, it is in $2p and NP-hard. 

• Testing optimality:

- Testing if a given schema mapping M is optimal is in !4p and DP-hard. 

- For schema mappings without ∃-quantifiers, it is in !3p and DP-hard.
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Pros and Cons of the GS Model

• Gottlob-Senellart Model:

- Pro: always results in a schema mapping (in the worst case, M=∅)

- Pro: tolerant to noise in the data example

- Con: sensitive to precise definition of cost function

- Con: may produce a non-fitting schema mapping even when a fitting 
schema mapping exists.

• See [Gottlob - Senellart JACM 2010] for more details.
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Where are we?

• Two aspects of the use of data examples in schema mapping design:

I. Using data examples to illustrate (candidate) schema mappings

II. Deriving schema mappings from data examples

• Three approaches to deriving schema mappings from data examples:

1. Fitting approach: Computing a (most general) fitting schema 
mapping (if it exists)  [Alexe - ten Cate - Kolaitis - Tan SIGMOD’11]

2. Gottlob-Senellart approach: computing a schema mapping of 
“optimal cost”  [Gottlob - Senellart JACM’10]

3. Learning Schema Mappings: computational learning approach 
[ten Cate - Dalmau - Kolaitis ICDT’12]
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Learning Schema Mappings

• We now consider the problem of obtaining a schema mapping 
from data examples from the perspective of computational 
learning theory.  

• Our aim: to leverage the rich body of work on learning theory in 
order to develop a framework for exploring the power and the 
limitations of the various algorithmic methods for obtaining 
schema mappings from data examples.

• We restrict attention to GAV schema mappings. 
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GAV schema mappings

• We consider a relational source schema S and target schema T.

• A GAV schema mapping M is a schema mapping specified by a 
finite set of GAV constraints ∀x (%(x)  →  R(xi1,...,xin)) .

• We denote the set of GAV schema mappings over S and T by 
GAV(S,T).

• Our main question: under what standard models of learning are 
GAV schema mappings learnable using data examples? 
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Types of data examples

• We focus on positive and negative examples for convenience of 
exposition. All results also hold for universal examples.

- In the GAV setting (unlike in the GLAV setting), positive and 
negative examples and universal examples are interchangeable 
for present purposes. 

• Recall:

- A positive example for M is a pair of instances (I,J) ⊨ M 

- A negative example for M is a pair of instances (I,J) ⊭ M

- A universal example for M is a pair of instances (I,J) such that J 
is a universal solution for I w.r.t. M.
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Computational learning theory

• Task: to efficiently identify an unknown “goal concept” cg : X→{0,1}, 
for instance

- a Boolean function (cg : {0,1}n→{0,1}), specified by a DNF formula

- a formal language (cg : $*→{0,1}), specified by a DFA

 after asking a number of queries about it to an oracle.

 

“Give me a randomly generated labeled example (x,cg(x))”  (random example query)

“Is it the case that cg(x)=1?”                                                        (membership query)

“Is it the case that cg & c? Give me a counterexample.”          (equivalence query)

in time polynomial in the representation of 
cg and the size of the examples returned by 
the oracle

exactly or 
approximately



Well-known models of learning

• Efficient exact learnability with membership queries and/or equivalence 
queries (Angluin)

 (After asking polynomially many membership/equivalence queries, the 
algorithm identifies the goal concept with certainty.)

- E.g., monotone DNF formulas are efficiently exactly learnable with 
membership and equivalence queries. Both types of queries are needed.

• Efficient PAC (Probably-Approximately-Correct) learnability with random 
example queries and possibly membership queries (Valiant) 

 (For all probability distributions D over the example space, when given labeled 
random examples drawn from D, with high probability, the algorithm produces a 
hypothesis that has a small expected error on random examples drawn from D.)

- E.g., monotone DNF formulas are efficiently PAC learnable with 
membership queries. Membership queries are needed (assuming RP≠NP). 
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Exact learning vs PAC learning

• References for the (non)-learnability results for Monotone DNF: 
[Angluin ‘87; ‘90, Alekhnovich et al. ‘08].

• Relationship between exact learnability and PAC learnability 
[Angluin‘87]:

• Efficient exactly learnability with equivalence queries implies 
efficient PAC learnability

• Efficient exact learnability with equivalence queries and 
membership queries implies efficient PAC learnability with 
membership queries

• Caveat: this assumes that the evaluation problem is in PTime (i.e., 
given a concept c and an example x, we can efficiently test if c(x)=1).
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Our main results

 Exact learning models

• GAV(S,T) is efficiently exactly learnable with membership queries 
and equivalence queries. 

• Both types of queries are needed, unless S has only unary relations.

 Approximate learning models

• GAV(S,T) is not efficiently PAC learnable (assuming RP ≠ NP), 
unless S has only of unary relations. 

• GAV(S,T) is efficiently PAC learnable with membership queries and 
an oracle for NP.

 Computing a fitting GAV schema mapping of near minimal length

• One cannot approximate efficiently, up to a polynomial, the shortest 
GAV schema mapping fitting a given set of data examples.
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• All (non-)learnability continue to hold if we consider only 
uniquely characterizable GAV schema mappings.
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Exact learnability

• Theorem: GAV(S,T) is efficiently exactly learnable with 
membership and equivalence queries.

• Proof sketch:

• Let Mg to be the (unknown) goal GAV schema mapping.

• Our algorithm will work by maintaining a hypothesis GAV 
schema mapping Mh such that Mg ⊨ Mh. Initially, Mh = ∅, and 
after polynomially many iterations, provably Mh &Mg.

• NB: the algorithm cannot even evaluate a hypothesis Mh on an 
example, as the evaluation problem is coNP-hard. On the other 
hand, the algorithm can evaluate Mg on an example 
(membership query).

25



• Definition: For two GAV constraints C, C’, we write C → C’ if the left- 
and right-hand side of C can be homomorphically mapped into the left- 
and right-hand side of C’.

 Example: 

 C     Rxy ( Ryz  → Txz

 C’       Rxx ( Sx → Txx

• Lemma: Let M,M’ be sets of GAV constraints and C,C’ GAV constraints. 
Then

(i) M ⊨ C if and only if C’ → C for some C’ ∈ M.

(ii) M ⊨ M’ if and only ∀C’∈M’ ∃C∈M . (C → C’)
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current 
hypothesis

goal schema 
mapping

Idea 1:  maintain an “under-approximation” of the goal schema 
mapping (the initial hypothesis is the empty schema mapping)

Idea 2:  any counterexample to an equivalence query can be 
efficiently transformed (using membership queries) into new 
constraint C’i+1 that we add to the current hypothesis.

Idea 3:  in polynomial many steps, we arrive at cg.27



Exact learnability (summary)

• Theorem (stated again): GAV(S,T) is efficiently exactly learnable 
with membership and equivalence queries.

• Theorem: GAV(S,T) is not efficiently exactly learnable with 
membership queries, unless S contains only unary predicates.

 (Combinatorial argument: exponentially many data examples may be 
needed in order to identify the goal schema mapping with certainty.)

• Theorem: GAV(S,T) is not efficiently exactly learnable with 
equivalence queries, unless S contains only unary predicates.

 (Reduction from the analogous problem for Monotone DNF formulas 
[Angluin ‘87; ‘90].)
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PAC learnability

• PAC (Probabilistically Approximately Correct) learning algorithm:

• Input: a natural number n bounding the size of the goal concept, 
and rationals )>0 and *>0.

• Algorithm has access to an oracle that generates labeled random 
examples according to some probability distribution.

• For every goal concept of size at most n, and for every probability 
distribution D, the algorithm, when given labeled random 
examples drawn from D, produces with high probability (1-)), a 
hypothesis that has a small expected error (*) on random 
examples drawn from D.

• The algorithm terminates in time polynomial in 1/) , 1/* , n , and 
the maximal size of a labeled example returned by the oracle.
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PAC learnability

• Theorem: GAV(S,T) is not efficiently PAC learnable, unless S 
contains only unary relations.

 The proof is based on a reduction from non-PAC learnability of 
monotone DNF formulas [Alekhnovich et al. ‘08]

• Theorem: GAV(S,T) is efficiently PAC learnable with membership 
queries and an oracle for NP.

 Obtained as a consequence of the exact learnability result (the need 
for an NP oracle reflects the hardness of checking whether a 
candidate schema mapping fits a given data example)
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Approximating the Smallest 
Fitting Schema Mapping

• Call a set of labeled examples consistent if a fitting GAV schema 
mapping exists.

• Recall: For any consistent set of labeled examples, a canonical 
fitting GAV schema mapping can be computed in linear time.

• The canonical fitting GAV schema mapping has the same order of 
size as the input examples. Much shorter fitting GAV schema 
mappings may exist.

• Can we do better? Can we compute a fitting GAV schema mapping 
whose size is close to minimal?
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Approximating the Smallest 
Fitting Schema Mapping

• Theorem: there is no polynomial time algorithm that, given a 
consistent set of data examples, produces a fitting GAV schema 
mapping of size less than nk, for fixed k, where n is the size of the 
smallest fitting GAV schema mapping (assuming RP≠NP) 

• Obtained as a corollary of our non-efficient PAC learnability result 
(in fact we obtain a slightly stronger non-approximability result.)

• The same result holds when the input is a single universal example.
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Conclusion on Learning Schema 
Mappings

• We studied the problem of obtaining a schema mapping from data 
examples from the lens of computational learning theory.  

• We obtained both positive and negative results.

- GAV schema mappings are efficiently exactly learnable, but only if 
both membership and equivalence queries are allowed.

- GAV schema mappings are not PAC learnable, but they are PAC 
learnable with membership queries and access to an NP-oracle.

• Open questions: 

- are GAV schema mappings efficiently PAC learnable with 
membership queries (and without an NP-oracle)?

- What about LAV schema mappings, and GLAV schema mappings?
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Deriving Schema Mappings from 
Data Examples

• Further open question

- Richer schema mapping languages (including, e.g., target 
constraints, data value transformation, ...)

- Suitable definitions of “approximate fitting” for data examples, 
for which no fitting schema mapping exists.
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Final Words

• Data example are useful in schema mapping design, understanding, 
refinement.

• Two main thrusts:

- Illustrating/characterizing a (candidate) schema via data examples 

- Deriving schema mappings from examples 

• The research we presented draws from different areas, such as 
databases, constraint satisfaction, logic, and computational learning.

• Schema mapping design can be a difficult task, and data examples 
constitute a helpful tool. 
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